A three-dimensional network model for performing non-linear time-dependent simulations of the electrical characteristics related to a composite material is presented. The considered compounds are represented by a cubic lattice and consist of conducting particles distributed in an insulating matrix. Earlier studies of the non-linear characteristics of silicon carbide (SiC) grains and of the linear frequency-dependent electrical properties of composites are combined and extended. The calculations are compared to measurements on ethylene-propylene-diene monomer rubber filled with angular SiC grains. The field-dependent conductivity measured for the unconsolidated SiC powder is used as input to the simulations. The model can manage the conductivity difference of seven decades between the constituents and the strong exponential non-linearity of the conducting particles. The network calculations replicate the experimental characteristic at high filler concentrations, where direct 'face' contacts between the filler grains dominate the behaviour. At lower concentrations, it is shown that indirect 'edge' contacts involving the polymer control the current transport also in the non-linear high field range. The general effective conductivity describing an edge connection in the linear case is no longer appropriate. Non-linear mechanisms in the polymer and the conducting grains within a field enhanced limited region around the contact need to be represented by an equivalent circuit element with a case-dependent resulting expression.
Introduction
Composite materials, where an insulating matrix is loaded with suitable conducting or semi-conducting particles, are used in various electrical applications. Carbon black filled polymers are, e.g., used in the conductor and insulation screens of power cables [1] . Rubbers or lacquers mixed with silicon carbide (SiC) or various other fillers are utilized for stress control in cable accessories, generator end windings and other high voltage equipment [2, 3] . A scanning electron micrograph of a typical composite material consisting of a rubber filled with about 25 vol% SiC grains can be seen in figure 1. The composite materials exhibit complex variations in the electrical properties. There is a dependence on the particle concentration and the characteristic of a mixture can in principle be varied between that of the matrix and that of the filler. In the typical materials considered here, the ratio between the conductivity of the conducting and the insulating phases is considerable, of the order of seven decades. The change in electrical properties can therefore be drastic. A critical concentration, the percolation threshold [4] , is reached when a continuous path of filler particles is formed through the sample. The composites often demonstrate fielddependent electrical characteristics as well. This feature is normally desired in field grading materials [3] . There is a threshold field above which the conductivity increases rapidly. The conductivity can change by many orders of magnitude, as the electric field is enhanced one decade. The permittivity may also display a non-linearity, but in this case it is weak [5] .
In a nearly percolated system, the non-linear behaviour will originate from tunnelling or other high field effects in the thin polymer layers separating the conducting particles [6] . In a fully percolated composite material the field-dependent characteristic will be inherited from the filler [7] . In the concentration range between these extremes, the non-linear performance can be related to a complex combination of different conduction mechanisms.
A filamentary current transport prevails in the composite due to preferred conduction paths. There may be bottlenecks or 'choke points' along such paths. Local current and field concentrations will give rise to restricted hotspots [8] . Local heating effects may, therefore, influence the electrical characteristics as well.
We have earlier studied the non-linear characteristics of SiC grains [5, 7] .
The field dependence of the conductivity and of the complex permittivity was measured for an unconsolidated powder of the SiC particles. An intergrain contact model and the controlling conduction mechanisms were established. We have also investigated the linear frequency-dependent electrical properties of composite materials by an impedance network model [9, 10] . Networks have successfully been used to incorporate special characteristics needed to model various electrical processes requiring a heterogeneous representation [11] [12] [13] [14] [15] . The aim of our model is to describe the properties of an actual composite material, based on the characteristics of its constituents. Ethylene-propylene-diene monomer (EPDM) rubber filled with the SiC grains, which normally have an angular shape, was used as a reference material. The network simulations reproduced the general characteristics of the experimental results.
It has been shown that the character of the contacts between the conducting particles has a crucial influence [9, 10] . The two different types of contacts that have been considered are represented by edge and face connections [16, 17] , where the former involves the polymer and the latter does not. The edge and face connections dominate at different filler concentrations and give rise to two percolation thresholds in the conductivity [10, 16, 17] and a distinctive behaviour in the frequency dependence of the complex permittivity [9] . The dispersion of the filler grains in the insulating matrix also affects the electrical properties. A random distribution, often involving large agglomerates, is not representative of actual well-dispersed materials [9, 10] .
In this paper, we present a three-dimensional network model for performing non-linear time-dependent simulations. The previous findings are combined and extended, so that the model can be used to analyse the field-dependent electrical characteristics of a composite material. The calculations are compared to measurements on EPDM rubber filled with angular SiC grains. The non-linear conductivity measured for the unconsolidated SiC powder is used as input, by being assigned to the conducting phase of the simulations. The model can manage a large contrast in properties between the constituents, seven orders of magnitude, and the strongly non-linear exponential characteristic of the conducting particles. The network calculations replicate the experimental characteristic at high filler concentrations, where the face connections are dominant.
At lower concentrations, where the edge connections control the behaviour, it is shown that the polymer is involved in the current transport also in the non-linear high field range. The universal effective conductivity used to describe the edge contact in the linear case is no longer applicable. Field-dependent mechanisms in the polymer and the filler grains in a local field enhanced region around the contact need to be represented by an equivalent circuit element with a resultant case-dependent expression.
Theory

Non-linear network model
Composite materials consisting of an insulating polymer matrix filled with conducting filler grains were studied. The conducting particles were assigned a finite dc conductivity σ c and the polymer a low, but still greater than zero, dc conductivity σ i . Both σ c and σ i were allowed to have a nonlinear characteristic. The real-valued permittivities ε c and ε i , respectively, were assumed to be frequency-and fieldindependent. Neglecting frequency-dependent permittivity and loss should, for the filler as well as the matrix, be a reasonable first approximation at room temperature conditions.
A finite square or cubic lattice was used as a model in two and three dimensions, respectively. Three-dimensional simulations are necessary for comparisons with real composite materials. The two-dimensional results, though, are easier to visualize. The conducting particles were for simplicity randomly assigned to the lattice sites and the remainder were occupied by the insulating phase. A more even than random dispersion of the filler particles has, however, been shown to be more representative of the well-dispersed actual composites [9, 10] . A typical cubic lattice is shown in figure 2 . The lattice was represented by an electrical network [9] . Nodes were placed at the centre of each square or cube. Circuit elements between nearest (face) and next-nearest (edge) neighbours interconnected the nodes. Periodic boundary conditions were specified in the horizontal directions. A sinusoidal voltage of amplitude U a and angular frequency ω a was applied between the top and bottom 'electrodes'.
The field-dependent properties of the conducting and insulating phases give rise to non-linear circuit elements. The angular frequency ω a is only associated with the applied voltage. The node potentials and connection currents will have dissimilar non-linear characteristics involving a variety of frequencies. The problem must, therefore, be solved explicitly in the time domain. An RC-link consisting of a pure dc resistance in parallel with a frequency-independent, loss-free capacitance was hence utilized as the basic building block. A series or parallel coupling of additional resistances and capacitances could be employed, if frequency-dependent effects must be accounted for. In this study, the concern was the low frequency characteristics dominated by the resistive currents. Any frequency-or field-dependent properties of the capacitances were then irrelevant. It was considered sufficient to represent each network connection by a single RC-link involving a non-linear resistance and a linear capacitance.
A system of first-order non-linear ordinary differential equations was obtained by applying Kirchhoff's and Ohm's laws to the network. With field-independent components, this reduces to a system of complex linear equations [9] . The node potentials, x, could be found from a matrix equation according to
where t is the time, C is a diagonal matrix containing the connection capacitances, G is a diagonal matrix containing the non-linear connection conductances, the matrix A describes the node-connection interrelations [18] and b are the boundary conditions. The vector b is assigned the applied voltage at the connections linked to the top electrode, otherwise it is zero. The connection conductances in G depend on the voltage drops, which are determined from the node potentials. The time-dependent problem was solved numerically by a program developed in MATLAB ® [19] . One of MATLAB's internal solvers for stiff ordinary differential equations, 'ode15s', was used. This multistep solver is based on the numerical differentiation formulae. Once the node potentials were attained the voltage drops, e, and currents, y, related to the connections could be determined from
The time derivative of the voltage drops was calculated by the use of a spline fit. The losses correlated with the connections were obtained by numerical integration. The total current through the sample was computed by summing all the connection currents entering the bottom electrode. The time-dependent behaviour during two periods of the applied voltage was analysed. A typical calculated total current is shown in figure 3 in relation to the applied voltage. The calculation was performed at low frequencies, where the resistive in-phase conduction dominates. The applied voltage was high enough to give a non-linearly distorted current shape. At the lowest voltages the behaviour will be linear and the curves sinusoidal.
The effective non-linear electrical properties of the composite material were then evaluated. A linear material can be defined by its complex permittivity. It is generally a function of frequency and is given byε = ε − iε , where the loss includes any contribution from dc conduction. When the material is non-linear, the concept of a complex permittivity is no longer straightforward. It is, however, still descriptive to relate the current with the fundamental component out of phase to an apparent permittivity ε app and the current with the fundamental component in phase to an apparent conductivity σ app .
The discrete Fourier transform was used to separate the total current into the out-of-phase and in-phase components of the fundamental along with all the harmonics, so that
The second period of the current was basically used, in order to avoid the transitory behaviour at the beginning. For the typical materials considered here, it can be assumed that the non-linearity in ε app is small. This is related to being far away from any relaxation peak [9] . The out-of-phase component of the fundamental was therefore used to determine the apparent permittivity. With the amplitude of the capacitive current given by i c0 = a 1 , ε app at the peak applied field E a could be calculated from
where C 0 is the geometrical capacitance of the lattice. The non-linearity in σ app may, on the other hand, be strong and it was presumed that the in-phase component of the fundamental along with all the harmonics constituted the resistive current, so that i r (t) = i tot (t)−i c0 cos(ω a t). The apparent conductivity at the peak applied field was then found from
where i r0 is the peak value of the resistive current and ε 0 is the permittivity of free space.
Non-linear current transport at different particle contacts
It has been shown previously that with a high contrast in properties between the conducting and the insulating phase, the nature of the contacts between the filler particles will have a critical effect on the electrical characteristics [9, 10] . Two different types of contacts have been considered when the particles have an angular shape. SiC grains, which normally have sharp edges and rather flat surfaces, are of this type. The contacts are modelled by face and edge connections between the nearest and the next-nearest neighbours, respectively [16, 17] . Two-dimensional cuts through the two contact types are illustrated in figure 4 . A face connection represents a direct contact between two conducting particles and the current is transported through the contact area. With a SiC filler, the particle-bulk is quite conducting with a conductivity of the order of 10 3 S m −1 and the charge transfer is controlled by the potential barriers at the intergrain contact [7] . The non-linear characteristic of a grain column is thus connected to the voltage per contact, which depends on the sample thickness and the particle diameter. The dependence of the current on the average electric field will consequently vary with the size of the grains [7, 20] . In the network model, the field-dependent characteristic associated with the considered size of the filler particles was averaged over the entire lattice element.
An edge connection characterizes an indirect contact involving the polymer matrix and the current can either be transported through or around the contact perimeter. The edge contact area is very small when the filler material is hard. Current constriction effects and the non-linear transport, influenced by a local stress concentration, will govern the conduction through the contact.
When the contact area is insignificant, there will still be a current transfer via the adjoining insulating polymer. The conduction mechanism is related to the field enhancement in a near vicinity of the contact perimeter. With linear materials, an effective conductivity σ e can be used to describe the overall conduction around the edge contact at low frequencies. The effective quantity is obtained from the geometrical mean of the conductivities of the constituents, so that σ e = √ σ c σ i [16, 17, 21] . Based on this expression, an equivalent circuit element giving an asymptotic description of the edge contact can be introduced in the network model [9] . The universal square root representation is based on scale invariance. This is appropriate in the linear case, where the dimension is irrelevant and a global average can be used. In the nonlinear case, however, the length scale is important. There is a stress concentration restricted to a limited region around the edge contact. Field-dependent conduction mechanisms in the insulating matrix and in the conducting particles will interact here in a complex way. The local conditions are crucial, since different stress levels can involve different high field effects. A drastic field enhancement in an extreme vicinity of the contact may, e.g., give rise to a performance that controls the current characteristic. A finer network structure, in which each material region is described by many circuit elements, still cannot resolve the rapid variation of the electric field [22] . A distinctive effective conductivity of the edge contact different from the square root description is, therefore, needed in the non-linear case. The resulting expression will depend on the characteristics of the polymer and the filler grains as well as on the stress range. A case-and field-dependent edge equivalent element must consequently be employed.
Experimental arrangements
Materials and sample preparation
The composite materials used in the experiments were all based on EPDM, Nordel ® manufactured by Dupont Dow Elastomers, as the matrix polymer. SiC powder, SIKA ® manufactured by Saint-Gobain, was utilized as the filler material. The SiC grains were black (electrical grade) and differentially graded to a size of 600 mesh, which corresponds to a median dimension of 9.3 µm. SiC is a very hard material and when crushed into a powder, the grains get an angular shape with sharp edges and rather flat surfaces.
The compounding was conducted by adding the additives when the polymer had been plasticized. A dicumyl peroxide (DCP) curing system was used. The samples were prepared by compression moulding and were cured at 180˚C for 15 min, after which followed cooling to room temperature. The samples were approximately 1 mm in thickness and 150 mm in diameter. Before the measurements they were degassed at 70˚C and low pressure for 24 h, to evaporate by-products from the peroxide vulcanization. Scanning electron microscopy (SEM) was used to check that the material was properly mixed, with well dispersed SiC grains.
Measurement techniques
The composite materials were analysed by time domain measurements, where the current is monitored as a function of time after the application of a dc voltage step. The voltage was applied for 2 h during which the polarization current was measured. The sample was then grounded and the depolarization current was recorded for 1 h. After that, the sample was allowed to relax for yet another 7 h before a new measurement was conducted. Normally, the measured polarization current eventually stabilizes to a constant level from which the dc conductivity can be calculated. A brass measurement cell with a guarded electrode system was used. The diameter of the measurement electrode was 60 mm. Experimental data were obtained at different voltages and temperatures. The presented results were, however, all attained at a temperature of 30˚C.
Current-voltage measurements were conducted for the SiC powder. A reading of the current was taken 2 min after the application of the dc voltage, since the powder is fairly conducting and relaxes quickly. The measurements were performed in a stainless steel cell with a guarded electrode system. The cell is closed so that a well-defined pressure can be applied through an array of spring washers and a fine-threaded screw. The measurement electrode has a diameter of 14 mm. A low pressure, 5.1 × 10 3 N m −2 , was applied to copy the expected conditions in the composite sample. The electrical characteristic measured at room temperature is displayed.
In one case, a comparative experiment was performed for the composite with 50 vol% filler concentration. The composite sample was placed in the measurement cell used for the powders. This was done to check the influence of a high pressure and 2.5 × 10 5 N m −2 was applied.
Results and discussion
The electrical network model is intended to be used to analyse and describe the general non-linear behaviour of actual composite materials. It has previously been shown that the conductivity of EPDM rubber filled with angular SiC grains displays two percolation thresholds with increasing particle concentration [10] . The thresholds are related to percolation via edges and faces and are experimentally found at about 25 vol% and 40 vol%, respectively. The field-dependent characteristics of the mixtures should as well be affected by the dominating type of grain contact and thus by the filler concentration in relation to the thresholds. The conductivities measured for three different SiC-EPDM composites are in figure 5 plotted as a function of the applied electric field. The characteristics at particle loadings of 15, 35 and 50 vol% are presented. These concentrations are located below the first, between the first and the second and above the second percolation threshold, respectively. The measured field-dependent conductivity of the unconsolidated SiC powder is given as a reference. The polymer restrains the current with only 15 vol% of filler and linear behaviour is seen in the analysed field range. At 35 vol% the edge contacts should control the characteristic. The conductivity displays a non-linearity of the power-law type up to about 2 × 10 6 V m −1 . At higher stresses the field dependence becomes stronger. The face contacts dominate the behaviour at 50 vol%. Closepacking in a cubic array of spheres occurs at a volume fraction of π/6. The limit must be higher with angular grains. Nevertheless, at 50 vol% the composite should approach the unconsolidated powder. A field-dependent characteristic can be seen, but the non-linearity is somewhat weaker than that seen for the powder and for the composite at 35 vol%. The nonlinearity also shows a tendency to decrease, instead of increase, at the highest stresses. The conductivity level is more than a decade lower than that of the powder. The experimental results are further discussed below, in connection with the simulations. Non-linear network simulations describing the lowfrequency behaviour were performed using both a twodimensional square and a three-dimensional cubic lattice. The results from two-dimensional calculations are easy to illustrate and were used to investigate the character of the filamentary conduction in the composite. Three-dimensional simulations were, however, utilized in the comparisons with experimental data. Small lattices had to be used, since the timedependent simulations involving very strong exponential nonlinearities become exceedingly time-consuming. In two and three dimensions, 20×20 and 6×6×6 networks, respectively, were employed. Representative systems in the correct region of the percolation curve were used. An earlier investigation regarding the effect of the system size shows that the results then should be acceptable for qualitative discussions of the general non-linear behaviour [9] .
The conductivity of the conducting particles was set to that measured for the unconsolidated SiC powder, as given in figure 5 . The non-linearity of a semi-conducting filler can often be connected to a field-dependent current transport at the grain contacts, associated with two Schottky-like potential barriers connected back-to-back. This is the case with ZnO microvaristors [23] and with electrical grade SiC powders [7] . In the SiC powders, the dominating conduction mechanism in the important part of the field range is tunnelling by field emission, amplified by pre-avalanche multiplication [7] . The equation describing the field dependence of the conductivity is quite complex, but the characteristic is essentially exponential. A simple parallel coupling of two exponentials gave a good fit to the experimental data as shown in figure 6 . The expression utilized was given by
where
and E is the magnitude of the electric field. The permittivity of the filler particles was fixed at ε c = 10, which is the approximate experimental value found for the unconsolidated SiC powder at high frequencies [5] . The insulating matrix was assigned the properties measured for the EPDM rubber at low electric fields, so that σ i = 10 −15 S m −1 and ε i = 2.5. When the face connections are dominant, the edge connections should have a negligible influence on the resulting characteristics. Under such conditions the edge contact area was assumed to be insignificant and the conduction around the contact perimeter was merely designated the universal square root representation (see section 2.3) with the conductivities of the conducting and insulating phases given by their low-field values.
In randomly distributed square or cubic lattices, the two percolation thresholds appear at 41 and 59 vol% in two dimensions, while they are found at 14 and 31 vol% in three dimensions [24] . The fully percolated state above the second threshold, where the face connections should be dominant, was analysed. The simulations were performed at low frequencies, so that the characteristic was determined by the conductivities. The complex permittivities obtained from three-dimensional calculations with a random distribution of 50 vol% conducting particles are presented in figure 7. Simulations were performed at two applied electric fields, 5 × 10 4 and 2 × 10 5 V m −1 , and both the permittivity ε and the loss ε are plotted as a function of frequency. At the lowest frequencies ε completely dominates ε . A dc behaviour is seen, where the non-linear loss displays a power-law frequency dependence with a slope of −1. The permittivity, on the other hand, is linear and frequencyindependent. The subsequent calculations of this study were conducted at 10 averages. The mean values were found by relating the total current, voltage and loss to the unit element area, length and volume, respectively. There are a few strongly favoured conduction paths, where the maximum connection current gets to be ten times larger than the average. The face contacts control the electrical characteristic, but the voltage concentrations arise where there are edge contacts or thin insulating layers. The actual voltage drops will be dependent on the precise description of the edge connections. The essential consequence of an edge contact is, however, a constriction of the current. The highest voltage drop found is about five times the average. The significant losses are clearly correlated with the preferred conduction paths and thus with the largest currents. The hotspot gives ten times the average loss. Local heating effects may thus be of importance.
The maximum values only offer rough indications of possible local concentrations. There will be variations between different material arrangements and three-dimensional lattices give more important enhancement effects. The filamentary behaviour may be still more pronounced in a real composite material, where the effective contact areas can be very small. The particle loading will, in addition, have a crucial influence and voltage concentrations will occur at the choke points when the edge contacts dominate the performance. Depending on the stress level, the critical losses can then be correlated with the highest voltages. Temperature-dependent effects related to local heating may as well affect the resulting performance.
A three-dimensional simulation with 50 vol% randomly distributed filler particles was conducted to investigate the field dependence. In figure 9 , the calculated conductivity is compared to that measured for EPDM rubber filled with 50 vol% SiC grains. The experimental characteristic for the SiC powder is given as a reference. The agreement between calculation and measurement is good, considering the complexity of the composite material and of the non-linear time-dependent simulation. Fewer complete conduction paths can explain the conductivity level being more than a decade lower in the composite than in the powder. At the highest stresses, the measured as well as the calculated non-linearity of the composite is weaker than that seen for the powder. Tortuosity effects, giving longer more winding conduction paths, may play a role here by reducing the voltage per grain contact. The experimental data even show a tendency to level out. We suggest that this behaviour is linked to local heating and a thermal expansion of the polymer matrix [25] , since a positive temperature coefficient was measured for this sample. A separate experiment, where the composite sample was subjected to a high pressure in the closed powder cell, was performed for corroboration. The result at an applied pressure of 2.5×10 5 N m −2 is shown in figure 9 . No stabilizing trend can now be seen at high electric fields. The curve rather displays a steeper non-linearity and approaches the powder data. This may be a consequence of the high mechanical load, forcing the grains closer together.
In the concentration region between the two percolation thresholds the edge connections should control the electrical characteristic. It has been argued in section 2.3 that a new effective conductivity is required to describe the non-linear current transport around an edge contact. The experimental results in figure 5 do, however, indicate that the field dependence at 35 vol% filler content is comparable to that seen at 50 vol%. A quick analysis was therefore conducted to check if the current through a minuscule edge contact could be of significance. The non-linear characteristic of a face contact was then merely scaled by a hypothetical factor, giving roughly the right conductivity level at low fields. The stress concentration at a single choke point does, however, become so great that the conductivity increases very rapidly as a result of the strong exponential field dependence. Decreasing the scaling factor has little effect, since a small voltage change has a huge impact on the current. The potential barriers at the grain contact would, in reality, undergo avalanche breakdown under such conditions [7] . The polymer must, therefore, be involved in the current transport also in the non-linear regime at high electric fields. A case-and field-dependent equivalent element is then needed to describe the conduction around the edge contact perimeter, as discussed in section 2.3. Conduction through the contact could still be a complement in a real composite material. In a well-dispersed, instead of random, configuration there may be several limiting edge contacts in series, where very thin insulating layers separate the grains. The stress can then be divided both within and between the contacts.
Conclusions
The three-dimensional network model for time-dependent problems can be used to investigate the field-dependent electrical characteristics of composite materials. Experimental data found for the constituents are used as input to the simulations and the non-linear conductivity measured for the unconsolidated SiC powder is assigned to the conducting particles. Convergence is reached in the studied systems with a considerable, seven decades, contrast in properties between the conducting and the insulating phase and where the conductivity of the filler has a very strong exponential non-linearity. When compared to measurements on EPDM rubber filled with angular SiC grains, the network calculations reproduce the experimental characteristic at high filler concentrations. The field-dependent properties of the filler grains consequently dominate the behaviour at the face contacts and the simulations can explain the experimental results.
Two-dimensional calculations are used to illustrate the filamentary conduction, indicating that local heating effects may be important. This is also concluded from the measurements. At lower concentrations, it is shown that edge contacts involving the polymer control the current transport in the non-linear high field range as well. The universal square root description of the edge contact used in the linear case is no longer applicable. There is a stress concentration within a local region around the contact where field-dependent mechanisms in the polymer and the filler grains are crucial. An equivalent circuit element with a case-dependent resulting expression is, therefore, needed to represent the non-linear conduction at an edge contact.
